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Abstract
The cascade model generates random food webs. The continuum
cascade model is a Poisson approximation of the cascade model. We
have a simple nonlinear recursion for probability distribution of the
longest chain length (the height) generated by the continuum cascade
model. Assuming the traveling wave solution, the velocity selection
principle for the Fisher-KPP equation works for our recursion. Here
we have the recursion for the height of continuum cascade model from
the first passage time of the left most particle of a branching Poisson
point process. The asymptotic probability distribution of the height
is obtained by a straightforward application of the Aidekon theorem
for the left most particle of branching Poisson point process. Hence
the traveling wave behavior is shown mathematically.
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1 Introduction
We introduced a nonlinear recursion [25] for the probability distribution of
the longest chain length (height of tree ) of the Poisson approximation of
a random directed graph model, cascade model of food web [11, 12], task
graphs for parallel processing [19] and Barak-Erdos graphs for stochastic or-
der [6, 20]. Assuming a traveling wave solution, the velocity selection princi-
ple is naturally applied to our recursion [25] as in the Kolmogorov-Petrovskii-
Piskunov argument for the Fisher-KPP equation. The asymptotic position
of wave front of the constant velocity with the logarithmic correction term is
obtained [25] by using an intuitive physical argument [27, 29] extending the
studies on the Fisher-KPP equation [8, 14, 28, 31, 37]. Here we obtain the
asymptotic probability distribution of the wave front mathematically. The
Aidekon theorem [3, 4, 10] on branching random walk [2, 23, 7], which is the
analog of the Lalley and Selke theorem [28] of branching Brownian motion, is
straightforwardly applied to obtain the asymptotic probability distribution.
Our recursion [25] gives the probability distribution of the minimum of the
branching Poisson point process. The solution to the Fisher-KPP equation is
given by using a random shift, by derivative martingale of branching Brown-
ian motion, of the Gumbel distribution [28]. The solution to our recursion is
given by using a random shift, by derivative martingale of branching Poisson
point process, of the Gumbel distribution.
The cascade model [12] generates a food web at random. Consider the
random directed graph with vertex set {1, ..., n} in which the
(
n
2
)
directed
edges (i, j) with i < j occur independently of each other with probability
P = Pn = c/n, and no edges with i > j occur. Such random graphs have
been used to model community food webs in ecology [12] and task graphs
for parallel processing in computer science [19]. The occurrence of an edge
(i, j) denotes, in the biological context, that species i is eaten by species j or,
in the computational context, that task i must be performed before task j.
In both contexts, the maximum path length is of interest. Let us denote by
L = Ln the length (number of edges) of the longest (directed) path starting
from vertex 1, and by M =Mn the length of the longest path (starting from
any vertex). For a food web, M represents the length of the longest food
chain. For a parallel computation in which each task takes one unit of time
and where the number of processors is sufficiently large, M + 1 represents
2
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(characterizing the discrete cascade model) in the scaling limit (1). This cascade model
is the minimalist continuum model of directed random graphs. Simple models tend
to arise in various unrelated subjects and they are interesting on purely intellectual
grounds. Nevertheless, for concreteness in the following exposition we shall often use
the language of food webs.
The rest of this article is organized as follows. In Sec. 2 we define the model, discuss
its simplest properties, and derive a recurrence for the longest directed path starting
from the origin. The asymptotic behavior of the solution to that recurrence is analyzed
in the following sections 3 and 4. In section 5 we discuss the total number of vertices in
a cascade tree with the root at the origin; on the language of food webs it counts the
basal species and species feeding on it, both directly and indirectly.
2. Continuum Cascade Model
The vertex set of our random graph is the interval [0, x]. In the illustrative picture
below we draw only the vertex set and links from the cascade subgraph initiating at the
origin (the open circle on the picture). Namely, we draw all links emanating from the
origin indicating direct predation on the basal species (there are 3 such predators in the
picture); then we draw all the links from these direct predators (4 such predators in the
picture); etc. Links are drawn in a cascade manner thereby explaining the name of the
model.
✬ ✩✬ ✩
✬ ✩
✒ ✑✫ ✪ ✪
✗ ✔✬ ✩
✫ ✪
✗ ✔❞ t t t t t t
x
Overall, in the above illustrative picture the cascade subgraph is a tree with 10
links and 11 vertices. Six of these vertices (closed circles on the picture) are terminal,
that is, there are no links emanating from them. Every cascade subgraph is a tree; the
size and the number of terminal vertices in cascade trees fluctuate from realization to
realization.
Terminal vertices represent top predators on the language of food webs. It is easy
to compute the fraction of top predators:
dy e (2)
The fraction of bottom preys , that is, species who do not eat other species, is the same.
Bottom preys are often called basal species. We reserve the term ‘basal species’ only for the species at
the origin which, according to the definition of the continuum cascade model, can never be a predator
independently on the choice of links.
Figure 1: Continuum cascade model, [25].
the processing time.
The probability of k occurrences of directed edges from the vertex 1 is
given by the binomial distribution
(
n
k
)
pk(1 − p)n−1−k. The longest chain
length starting from each end of the occurred edges, which have the vertex
1 as the other end, is not statistically i depend nt with others and we can
not find th simp recurs on to ob ain the probabi ity di tr bution of the
longest chain length. However for the Poisson approximation of the cascade
model (continuum cascade model) we have the statistical independence and
have a very simple nonlinear recursion for the probability distribution of the
longest chain length. Food webs typically involve a huge number of species,
while the average predation per species is usually not too large. Hence,
it is interesting to investigate large food webs with n → ∞, c → 0 with
finite np = x, which gives the Poisson approximation of the orginal cascade
model. We are interested in the probability distribution of the longest chain
length Ln, starting from vertex 1, as n tends to infinity. Let us call the
Poisson approximation of the cascade model the continuum cascade model
[25]. In the illustrative picture Fig. 1 we draw only the vertex set and links
from a tree, generated by the continuum cascade model, initiating at the
origin (the open circle on the picture). Namely, we draw all links emanating
from the origin indicating direct predation on the basal species (there are 3
such predators in the picture); then we draw all the links from these direct
predators (4 such predators in Fig. 1); etc. Links are drawn in a cascade
manner thereby explaining the name of the model. Bottom preys are often
called basal species. We reserve the term ‘basal species’ only for the species
at the origin which, according to the definition of the continuum cascade
model, can never be a predator independently on the choice of links, [25].
For the above illustrative picture Fig. 1 we have a tree with 10 links
3
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Figure 1. The cascade tree with the basal species (the vertex at the top) playing the
role of the root. The height of this cascade tree is equal to 3.
The overlap of the sets of top predators and bottom preys (one can call them neutral
species) is non-empty, the fraction of neutral species is
dy e (3)
We now turn to more subtle properties of the continuum cascade model which
are related to the cascade tree. This tree is finite and it varies from realization to
realization; accordingly, the properties of the cascade tree are probabilistic. To define
these properties it is convenient to utilize a more traditional way of plotting trees; the
cascade tree pictured above is presented on Fig. 1. This figure resembles binary search
trees and both the relevant properties of binary search trees and the methods used in
analysis of binary search trees [25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37] are useful
in our situation. For instance, the height of the binary search trees has attracted a lot
of attention, and a traveling wave analysis [33, 34, 35] has provided a very efficient way
of tackling the asymptotic (in number of vertices of the tree) behavior of the height.
In the present problem, the height is indeed an interesting quantity, namely it is the
length of longest chain from the basal species to the bottom of the cascade tree, and
Figure 2: A tree generated by the continuum cascade model with the basal
species (the vertex at the top) playing the role of the root. The height of
this tree is equal to 3, [25].
and 11 vertices. Six of these vertices (closed circles in Fig. 1) are terminal,
that is, there are no links emanating from them. It is convenient to utilize
a more traditional way of plo ting tr es; the cascade tree pictured Fig. 1 is
presented on Fig. 2. The size, the number of terminal vertices, the heght etc.
in trees generated by the continuum cascade model fluctuate from realization
to realization. I this pap r we study th asymptotic prob bility distribution
of the longest chain length (the height) of the continuum cascade model.
Remark 1 The expected length of the longest chain length of the original
cascade model is obtained recently with an interesting correction term to the
constant e [20, 30].
Remark 2 It is pointed out [18] that our continuum cascade model is
also studied under the name of Poisson weighted infinite tree (PWIT), [1, 5])
in probabilistic combinatorial optimization. The closure of vertex 1 in the
cascade model converges in distribution to the PWIT as n tends to infinity
[18].
Remark 3 In making the continuum cascade model we extended the
ideas on random sequential bisection model [36, 27, 29] which is a continuum
binary search tree. The random sequential bisection model gives an analo-
gous asymptotic behavior to the binary search tree of n keys for the sorting
algorithms [15, 34]. Applying the KPP velocity selection principle to the Hat-
4
tori and Ochiai conjecture [21, 22, 27] for the random sequential bisection,
the correction term in the asymptotic expected height of the random sequen-
tial bisection is given in [27]. The correction term for the expected height of
binary search tree is obtained mathematically [33] ( see also [16, 35]). The
pick up stick model [35] analyzed by using the generating function makes a
bridge between the random sequential bisection model and the binary search
tree.
2 Nonlinear recursion for the height
Now we consider the probability distribution of the the height, which is the
length (number of edges) of the longest (directed) path starting from vertex
1, of the tree generated by our continuum cascade model. Let us define our
model more precisely.
i) At step 1 we generate Nx points by the Poisson distribution Pr(Nx =
k) = x
k
k!
e−x on the interval [0, x]. Each of the Nx points is mutually indepen-
dently distributed uniformly at random on [0, x].
ii) At step u(> 1), for each generated point at x−y generated at the step
u − 1, generate Nx−y points by the Poisson distribution Pr(Nx−y = k) =
(x−y)k
k!
e−(x−y) uniformly at random on the interval [y, x], independently from
other points at step u and independently from the points generated in the
previous steps.
iii) We make Nx−y edges from the point y to each of the Nx−y points
generated on the interval [y, x].
iv) We continue the above ii) and iii) recursively as long as we have at
least one new point. We stop the generation of points at step H(x) when no
new point is generated.
The H(x) is the height of the tree generated by the continuum cascade
model on [0, x]. Let
Pn(x) ≡ P (H(x) ≤ n). (1)
When k points, x−y1, x−y2, ..., x−yk are generated at step 1, the probability,
that the height is not larger than n−1, is Pn−1(y1)Pn−1(y2) · · ·Pn−1(yk). Since
each yi is distributed uniformly at random on [0, x] and k is distributed by the
Poisson distribution, we have the following recursion [25] for the probability
Pn(x) ≡ P (H(x) ≤ n).
For n = 0,
Pn(x) = e
−x, (2)
while for n ≥ 1,
Pn(x) = e
−x +
∞∑
k=1
xk
k!
e−x
1
xk
∫ x
0
· · ·
∫ x
0
Pn−1(y1) · · ·Pn−1(yk) dy1 · · · dyk
= e−x
∞∑
k=0
1
k!
(∫ x
0
Pn−1(y) dy
)k
= exp
[
−x+
∫ x
0
Pn−1(y) dy)
]
. (3)
3 Numerical traveling wave solution
We apply the Aidekon theorem [3, 4] to show the following observations [25]
for equation (3) mathematically in later sections.
1. Numerical traveling wave solution. Numerically, the probability distri-
bution Pn(x) has a traveling wave shape with the width of the front
remaining finite as shown in Fig. 3.
2. Velocity selection. Assuming an approximation by a traveling wave
form for larger n≫ 1,
Pn(x)→ Π(x− xf ), (4)
with the front position xf growing linearly with ‘velocity’ equal to e
−1
[25]:
xf ≃ vn, v =
1
e
. (5)
The velocity selection principle [26] gives v = e−1 [25] by using an
analogous argument to the case of binary search tree [27]. We see that
the wave front xf should advance asymptotically by a constant velocity
v = e−1, from the probabilistic argument for the cascade model [12, 32].
3. Logarithmic correction. An analogy [8, 37] from the Fisher-KPP equa-
tion gives a logarithmic correction to the front position as
xf =
n
e
+
3
2e
lnn +O(1). (6)
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Figure 3: Traveling waves, the distribution Pn(x) versus x obtained by iter-
ating the recursion. Pn(x) is shown for n = 20, 40, 60, 80, 100 (left to right).
Iterations were performed for a discrete approximation (30) given in section
6.
It is convenient to think about x and n as space and time coordinates,
so that the front of the traveling wave was advancing.
4. Finite width of the front. The probability distribution Pn(x) has asymp-
totically a traveling wave shape with the width of the front remaining
finite, and this is essentially equivalent to the finite width of the height
distribution.
4 Branching random walk for the solution of
the recursion
We consider the asymptotic behavior of branching random walk [3, 4, 2, 10, 9,
23]. We follow the notation and argument by Aidekon [3]. The process starts
with one particle located at 0. At time 1, the particle dies and gives birth to
a point process L. Then, at each time n ∈ N , the particles of generation n
die and give birth to independent copies of the point process L, translated
to their position. If T is the genealogical tree of the process, we see that T
is a Galton-Watson tree, and we denote by |x| the generation of the vertex
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x ∈ T (the ancestor is the only particle at generation 0). For each x ∈ T,
we denote by V (x) ∈ R its position on the real line. With this notation,
(V (x); |x| = 1) is distributed as L. The collection of positions (V (x); x ∈ T)
defines our branching random walk.
We assume that we are in the boundary case [23]
E[
∑
|x|=1
1] > 1, (7)
E[
∑
|x|=1
e−V (x)] = 1, (8)
E[
∑
|x|=1
V (x)e−V (x)] = 0. (9)
Every branching random walk satisfying mild assumptions can be reduced
to this case by some renormalization. Notice that we may have
∑
|x|=1
1 =∞ (10)
with positive probability [4]. We are interested in the minimum at time n
Mn := min{V (x); |x| = n}, (11)
where min |∅| =∞. Writing for y ∈ R∪{±∞}, y+ := max(y, 0), we introduce
the random variable
X :=
∑
|x|=1
e−V (x), (12)
X˜ :=
∑
|x|=1
V (x)+e
−V (x). (13)
We assume that the distribution of L is non-lattice, we have
E[
∑
|x|=1
V (x)2e−V (x)] <∞ (14)
E[X(ln+X)
2] <∞, E[X˜(ln+ X˜)] <∞ (15)
8
To state the result, we introduce the derivative martingale, defined for any
n > 0 by
Dn :=
∑
|x|=n
V (x)e−V (x). (16)
From [7, 4] ( Proposition A.3 in the Appendix of [4]), we know that the mar-
tingale converges almost surely to some limit D∞, which is strictly positive
on the set of non-extinction of T. Notice that under conditions (7), (8), (9),
the tree T has a positive probability to survive.
There exists a constant C∗ > 0 such that for any real x,
lim
n→∞
P (Mn >
3 lnn
2
+ x) = E[e−C
∗exD∞ ], (17)
(Theorem 1 in [3, 4], see [10] for an elementary approach).
5 Asymptotic probability for the longest chain
length
The process starts with one particle located at 0. At time 1, the particle
dies and gives birth to the point process L, with intensity 1 on [0,∞). Then,
at each time n ∈ N , the particles of generation n die and give birth to
independent copies of the point process L, translated to their position. At
each time , we kill all particles to the right of x. Denote position of left-most
particle in this (extended) tree at n-th generation by Hn. Since
P (H(x) ≤ n− 1) = P (Hn ≥ x), (18)
we see
Pn−1(x) = P (Hn ≥ x). (19)
To normalize for equation (9) we replace the original Poisson Point Process of
intensity 1 on [0,∞) by the Poisson Point Process of intensity 1
e
on [−1,∞),
as L in section 4. Then the conditions (7), (8), (9) hold. We see the inequality
(7), since expected number of children here is infinite. For the identity (8)
we have ∫ ∞
−1
e−y
dy
e
= 1 (20)
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and for the identity (9) we have
∫ ∞
−1
ye−y
dy
e
= 0. (21)
The distribution of this Poisson point process L is non-lattice and the mo-
ment conditions (14) and (15) hold by exponential decay (8) for V (x). We
have
E[
∑
|x|=1
V (x)2e−V (x)]
=
∫ ∞
−1
x2e−xdx <∞. (22)
The total number of children is assumed to be finite almost surely in [3].
However the argument [3] is applied to the above extension to [−1,∞), as
shown in [4].
The position Hn of the left-most particle at generation n is given by using
Mn for
Mn = eHn − n.. (23)
Considering equation (23),
Mn > z +
3
2
lnn, (24)
means
Hn >
z + n+ 3
2
lnn
e
. (25)
Hence from equation (19),
P (Mn > z +
3 lnn
2
) = P (Hn >
z + n + 3
2
lnn
e
) (26)
= Pn−1(
z + n+ 3
2
lnn
e
). (27)
Put z/e = x, then from equation (17) ( Aidekon [3, 4]), for the solution Pn−1
to equation (3) we have
lim
n→∞
Pn−1(x+
n
e
+
3
2e
lnn)) = E[exp(−C∗eexD∞)], (28)
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Figure 4: Pn−1(
3
2e
lnn+ n
e
)) for n = 1, 2, ..., 100
which gives the asymptotic probability on the longest chain length (on the
position of wave front).
For x = 0 of equation (28), we have
lim
n→∞
Pn−1(
n
e
+
3
2e
lnn)) = E[exp(−C∗D∞)], (29)
which should be less than 1 and larger than 0, since D∞ is mathematically
shown to be strictly positive [3, 4, 7].
6 Numerical observation
Putting x˜△ for x, and giving the discrete initial value for equation (2), we
consider a recursion as a discretization of equation (3) for 1 ≤ n,
fn(x˜) = exp[−x˜△+ (
x˜∑
y˜=1
fn−1(y˜))△]. (30)
The numerical value fn(x˜) for Pn(x) in Fig. 3 and Fig. 4 are obtained
from equation (30) for △ = 0.01 by using the software Mathematica. The
numerical values
fn−1(
1
△
(
3
2e
lnn+
n
e
)) (31)
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for Pn−1(
3
2e
lnn + n
e
)), are shown by the lower curve in Fig. 4. Putting e/α
instead of exponential e, the numerical values
fn−1(
α
△
(
3
2e
lnn+
n
e
)) (32)
for △ = 0.01 and α = 0.9855 are shown by the upper curve in Fig. 4, which
seems to approach quickly to a constant. We carried out calculations and see
for example △ = 0.001 and α = 0.9977 the value of (32) quickly approaches
to a constant. Our numerical calculations seem to suggest α→ 1 as △ → 0,
which supports equation (29) for the wavefront numerically.
Acknowledgements The author thanks Amir Dembo and Ofer Zeitouni
for suggesting to him an essential idea given in section 5. The author thanks
Elie Aidekon for the reply [4] to the question of Amir Dembo on [3], which
is essential for the present paper. This work is supported in part by US
National Science Foundation Grant DMS1225529 to Rockefeller University
and JSPS Grant-in-aid for Scientific Research 23540177.
References
[1] Addario-Berry, L. and Ford, K. (2013) Poisson-Dirichlet branching ran-
dom walks, The Annals of Applied Probability 23, 283-307.
[2] Addario-Berry, L. and Reed, B. (2009) Minima in branching random
walks, The Annals of Probability, 37,1044-1079.
[3] Aidekon, E. (2013) Convergence in law of the minimum of a branching
random walk, The Annals of Probability, 41, 1362-1426.
[4] Aidekon, E. (2013) Convergence in law of the minimum of a branching
random walk, http://arxiv.org/pdf/1101.1810v6.pdf.
[5] Aldous, D. and Steele, J. M. (2004) The objective method: probabilistic
combinatorial optimization and local weak convergence, Probability on
discrete structures, Springer Berlin Heidelberg,1-72.
[6] Barak, A. B. and Erdos, P.(1984) On the maximal number of strongly
independent vertices in a random acyclic directed graph, SIAM Journal
on Algebraic Discrete Methods, 5(4), 508-514.
12
[7] Biggins, J. D. and Kyprianou, A. E. (2004) Measure change in multitype
branching, Advances in Applied Probability, 36, 544-581.
[8] Bramson, M. D., (1978) Maximal displacement of branching Brownian
motion. Communications on Pure and Applied Mathematics, 31, 531-581.
[9] Bramson, M. and Zeitouni, O. (2009) Tightness for a family of recursion
equations, The Annals of Probability, 37, 615-653.
[10] Bramson, M., Ding, J. and Zeitouni, O. (2014) Convergence
in law of the maximum of nonlattice branching random walk,
http://arxiv.org/abs/1404.3423 .
[11] Cohen, J. E., Briand, F. and Newman, C. M. (1990) Community food
webs: data and theory, Springer, New York.
[12] Cohen, J. E. and Newman, C. M. (1985) A stochastic theory of commu-
nity food webs I. Models and aggregated data, Proceedings of the Royal
Society of London B 224, 421–448.
[13] Dembo, A. and Zeitouni, O. (1998) Large deviations techniques and
applications, New York: Springer.
[14] Derrida, B. and Spohn, H. (1988) Polymers on disordered trees, spin
glasses, and traveling waves. Journal of Statistical Physics, 51, 817-840.
[15] Devroye, L. (1986) A note on the height of binary search trees, Journal
of the ACM (JACM), 33, 489–498.
[16] Drmota, M. (2003) An analytic approach to the height of binary search
trees II, Journal of the ACM (JACM), 50, 333-374.
[17] R. A. Fisher, (1937) The wave of advance of advantageous genes, Annals
of Eugenics, 7, 355–369.
[18] Gabrysch, K. (2016) Convergence of directed random graphs to the
Poisson-weighted infinite tree, Journal of Applied Probability 53, 463-474.
[19] Gelenbe, E., Nelson, R., Philips, T., and Tantawi, A. (1986) An ap-
proximation of the processing time for a random graph model of parallel
computation, ACM 86 Proceedings of 1986 ACM Fall joint computer con-
ference IEEE Computer Society Press, Los Alamos, 691–697.
13
[20] Foss, S. and Konstantopoulos, T. (2003) Extended renovation theory
and limit theorems for stochastic ordered graphs. Markov Process. Related
Fields, 9(3), 413-468.
[21] Hattori, T. and Ochiai, H. (1998) Scaling limit of successive approx-
imations for w = −w2 and its consequences on the theories of ran-
dom sequential bisections and height of binary search trees, preprint.
(http://web.econ.keio.ac.jp/staff/hattori/200411.pdf)
[22] Hattori, T. and Ochiai, H. (2006) Scaling limit of successive approxima-
tions for w′ = −w2, Funkcialaj Ekvacioj, 49, 291-319 .
[23] Hu, Y. and Shi, Z. (2009) Minimal position and critical martingale con-
vergence in branching random walks, and directed polymers on disordered
trees. The Annals of Probability, 37, 742-789.
[24] Itoh, Y. (1980) On the minimum of gaps generated by one-dimensional
random packing, Journal of Applied Probability, 17, 134-144.
[25] Itoh, Y. and Krapivsky, P. L. (2012) Continuum cascade model of di-
rected random graphs: traveling wave analysis, Journal of Physics A:
Mathematical and Theoretical, 45, 455002.
[26] Kolmogorov, A. N., Petrovskii, I. G. and Piskunov, N. S. (1937) A study
of the equation of diffusion with increase in the quantity of matter, and
its application to a biological problem. Bjul. Moskovskogo Gos. Univ, 1,
1-26.
[27] Krapivsky, P. L. and Majumdar, S. N. (2000) Traveling Waves, Front
selection, and exact nontrivial exponents in a random fragmentation prob-
lem, Physical Review Letters , 85, 5492–5495.
[28] Lalley, S. P. and Sellke, T. (1987) A conditional limit theorem for the
frontier of branching Brownian motion, Annals of Probability 15, 1052-
1061.
[29] Majumdar, S. N. and Krapivsky, P. L. (2002) Extreme value statistics
and traveling fronts: Application to computer science. Physical Review E,
65, 036127.
14
[30] Mallein, B., and Ramassamy, S. (2016) Barak-Erdo˝s graphs and the
infinite-bin model. arXiv preprint arXiv:1610.04043.
[31] McKean, H. P. (1975) Application of Brownian motion to the equation of
Kolmogorov-Petrovskii-Piskunov, Communications on Pure and Applied
Mathematics, 28, 323-331.
[32] Newman, C. M. (1992) Chain lengths in certain random directed graphs,
Random Structure and Algorithms, 3, 243–253.
[33] Reed, B. (2003) The height of a random binary search tree. Journal of
the ACM (JACM), 50, 306-332.
[34] Robson, J. M. (1979) The height of binary search trees, Australian Com-
puter Journal, 11, 151–153.
[35] Shepp, L., Zeilberger, D. and Zhang, C. H. (2012) Pick up sticks, arXiv
preprint arXiv:1210.5642.
[36] Sibuya, M. and Itoh, Y.(1987) Random sequential bisection and its as-
sociated binary tree, Annals of the Institute of Statistical Mathematics,
39, 69-84 .
[37] Uchiyama, K.(1978) The behavior of solutions of some non-linear diffu-
sion equations for large time, Journal of Mathematics of Kyoto University,
18, 453-508.
15
